ith point of S (1 ≤ i ≤ n) CH convex hull of S m number of vertices of CH IP inner points of CH V P vertices of P E P edges of P r cardinality of IP c j jth vertex of CH (1 ≤ j ≤ m) e j jth edge of CH (1 ≤ j ≤ m) P a simple Polygon containing S s i s j an edge of P with s i and s j as its end points (1 ≤ i, j ≤ n, i = j) ℘(S) set of all simple polygons containing S Area(P) area of polygon P Perimeter(P) perimeter of polygon P Boundary(P) number of vertices of P α an angle between 0 and π MAP problem of computing a simple polygon containing S with minimum area MPP problem of computing a simple polygon containing S with maximum perimeter MNP problem of computing a simple polygon containing S with maximum number of vertices CHP problem of computing convex hull of S SPP problem of computing a simple polygon crossing S AB the measure of arc AB MAP is the problem of computing the simple polygon M ∈ ℘(S) such that ∀P ∈ ℘(S), Area(M) ≤
66
Area(P), MPP is the problem of computing the simple polygon E ∈ ℘(S) such that ∀P ∈ 67 ℘(S), Perimeter(E) ≥ Perimeter(P) and MNP is the problem of computing the simple polygon 
74
In the case of α = π, the α-polygon, α-MAP, α-MPP and α-MNP will be converted into the simple 75 polygon, MAP, MPP and MNP, respectively. Also, in the case of α = 0, the α-polygon will be converted 76 into the convex polygon, and all of the α-MAP, α-MPP and α-MNP will be converted into CHP. We 77 formulate these as binary nonlinear programming models.
78
Definition 3. Let {c 1 , c 2 , ..., c m } be the vertices of CH, e j = c j c j+1 be the jth edge of CH and P be a simple 79 polygon containing S. The points {b 1,j , b 2,j , ..., b t,j } ∈ S are assigned to the edge e j if (c j , b 1,j , b 2,j , ..., b t,j , c j+1 )
80 is a chain in P.
81 Fig. 1 shows that the polygon P assigns the points {b 1,1 , b 2,1 , b 3,1 } to the edge e 1 and the point 82 {b 1,2 } to the edge e 2 and so on. The inner points of P are unassigned. We assume that c j is assigned to 83 e j . 
Modeling

85
In this section we present nonlinear programming models for α-MAP, α-MPP and α-MNP. We 86 first introduce the indices, input data and variables that are used in our models and then formulate the 87 required functions. 
91
• i ∈ {1, 2, ..., n} is an index counting the points of S. The point s n+1 is identified by s 1 and the point 92 s n+2 is identified by s 2 .
93
• j ∈ {1, 2, ..., m} is an index counting the edges in E CH and the vertices in V CH . The edge e m+1 is
94
identified by e 1 and the vertex c m+1 is identified by c 1 .
95
• k ∈ {0, 1, ..., r} specifies the order of assigned points for an edge of convex hull. b k,j is the kth 96 point which is assigned to e j . Assume that c i is assigned to e i at the position 0. 
Input Data
98
The input data is as follows:
99
• n: The number of points in S.
100
• (x i , y i ) ∈ R 2 : The coordinate of the point s i .
101
•
The constraint for angles.
102
Assumptions:
is the x-coordinate of c j .
104
• y (j) is the y-coordinate of c j .
• Y(a): The y-coordinate of the point a in the plane.
115
• X(j, k): The x-coordinate of the kth points that is assigned to e j .
The y-coordinate of the kth points that is assigned to e j . is assigned to e 1 at the position 0, Z 1,1,0 = 1. In the same way, for the other edges of CH, we have:
Z 3,6,1 = Z 4,6,2 = 1. In Fig. 2 , to compute X(j, k) for j = 4 and k = 2 we have:
The Adjust function is computed as follows:
As seen in Fig. 2 , s 6 is adjusting to s 10 . Since Z 6,1,2 = Z 10,1,3 = 1, we have Adjust(6, 10) = 1. Also,
132
since z 10,1,3 = z 11,2,0 = 1 and ∀i ∈ {1, ..., n}z i,1,4 = 0, we have Adjust(10, 11) = 1.
133
Conflict function
135
To compute the conflict function, consider the following expression:
So, the function Con f lict(i 1 , i 2 , i 3 , i 4 ) is computed as follows:
Based on the mentioned notations, P is simple if ∀i 1 , i 2 , i 3 , i 4 ∈ {1, 2, ..., n} such that
138
Angle function
140
The polygon P is an α-polygon iff ∀i 1 , i 2 , i 3 ∈ {1, 2, ..., n} such that
The angle between two line segments A and B can be computed as follows:
Based on the mentioned notations, let
If Adjust(i 1 , i 2 ) = Adjust(i 2 , i 3 ) = 1 and Adjust(i 1 , i 3 ) = 0, Angle(i 1 , i 2 , i 3 ) is computed as follows, otherwise Angle(i 1 , i 2 , i 3 ) = 0.
α-MAP is the problem of computing the α-polygon with the minimum area on a set of points. Since ℘(S) is the set of all simple polygons containing S, α-MAP can be formulated as follows:
All internal angles of P are less than or equal to π + α
As seen in Fig. 1 , each polygon P ∈ ℘(S) assigns the points of S to the edges of CH. Therefore,
142
each simple polygon containing S is equivalent to an assignments of the points of S to the edges of
143
CH, and each assignment is determined by an evaluation of z i,j,k for all i, j, k. In the following, the area 144 function is formulated as objective function of the model.
145
Theorem 1. Let P ∈ ℘(S) be a simple polygon and Z be the corresponding assignment for P. The area of P is computed as follows:
Proof. Based on the Shoelace formula (also known as the surveyor's formula [48] ), the area of a polygon P = (p 1 , p 2 , ..., p l , p 1 ) is:
As an example, assume that P is the polygon of Fig. 2 . So, p 1 = s 1 , p 2 = s 5 , p 3 = s 6 , p 4 = s 10 , and
, thus we have:
Since the points s 5 and s 1 are assigned to e 1 at positions 1 and 0 respectively, we have:
In the same way,
Based on the above equations, we employ the bellow formula for T 1 ,T 2 and T 3 so that:
Equation (15) cannot be used for T 4 :
In other words, equation (15) can be used while the points are assigned to the same edge. In equation (14), for T 4 , the point p 5 = s 11 is assigned to e 2 while the point p 4 is assigned to e 1 . Based on equation
can be used to compute X(p 5 ).
Based on equation (16):
Since based on equation (1), X(1,k) is equal to 0 for all k ≥ 4, we have:
Hence, in order to avoid extra summation, we employ the following equation:
From equation (19), for all k ≥ 5 we have:
Considering the points that are assigned to e j , equation (19) can be extended as follows:
Based on equation (11), the area of the polygon P is computed as follows:
From equations (1), (2) and (22), we have:
Based on Theorem 1, equation (9) is formulated as follows:
In equation (24), constraint (1) considers all assignments of the points while constraint (2) prevents 147 assigning a point to more than one edge. The point s i is unassigned if Σ m j=1 Σ r k=1 z i,j,k = 0, and assigned 148 to one edge if Σ m j=1 Σ r k=1 z i,j,k = 1. Also, constraint (2) prevents assigning a point to more than one 149 position on an edge. In addition, constraint (3) guarantees that the constructed polygon is simple while 150 constraint (4) ensures that it is an α-polygon.
151
When α = 0, the solution of equation (24) is an assignment that constructs the convex hull of 152 the points and when α = π, the solution of equation (24) is an assignment that constructs M as the Perimeter(P) s.t.
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Let P = (p 1 , p 2 , ..., p l , p 1 ) be a polygon containing S. The perimeter of P is the total length of its edges:
By using Z as the corresponding assignment for P, similar to Theorem 1, the perimeter of P is computed as follows:
Based on equations (25) and (27), we have the following formula for α-MPP:
When α = 0, the solution of equation (28) is an assignment that constructs the convex hull of the 159 points and when α = π, it is an assignment that constructs E as the solution of MPP, which is known
160
as Max-TSP, on the points. There is an algorithm to compute CH in O(n log n) time, while Max-TSP is 161 a well-known NP-complete problem. Boundary(P) s.t.
As stated before, z i,j,k is equal to 1 iff the point s i is assigned to the edge e j at the position k. Hence, the following equation specifies the number of vertex points for the constructed polygon P:
Similar to α-MAP and α-MPP, α-MNP is formulated as follows:
When α = 0, the solution of equation (31) is an assignment that constructs the convex hull of the 165 points and when α = π, the solution of equation (31) is an assignment that constructs C as the solution
166
of MNP on the points. C is a simple polygon that crosses all points. There are optimal algorithms to 167 compute CH and C in O(n log n) time 
Theoretical results
170
In this section we present our theoretical results. As stated before, α-MNP will be converted into α = π, the constructed polygon crosses all points. For each set S of points, the smallest value of α such 173 that α-MNP crosses S is computed in the next subsection. For each polygon P ∈ ℘(S), assume that γ P is the maximum angle of the polygon P. Let θ be 176 the minimum value of γ P over all P ∈ ℘(S) that crosses S. For all α ≥ θ − π, there always exists an 177 α-polygon that crosses S. In other words, the polygon P such that γ P = θ, satisfies α-MNP for all
Here, we present an upper bound for θ for any set of points.
179
In Let e j be an edge of the polygon P. We denote the major segment with length of β that corresponds 
188
Lemma 1. Let x be a point inside the convex polygon P, E = {e 1 , e 2 , ..., e m } be the edges of P and β = 2π − 4π m
189
. Then, ∃j ∈ {1, 2, ..., m} such that x ∈ M β j .
190
Proof. Let β j be the angle subtended by e j at the point x and β M be the maximum one. Let e be the In the following, we generalize the upper bound for any set S of points and then present an Proof. Here, we employ the sweep arc algorithm to construct the polygon. Let us sweep the arc from measure 0 to β max on e = c 1 c 2 . By so doing, the polygon is constructed, 215 while the arc hits the points. In the following we show how to construct the polygon step by step.
216
On the first hit:
Let x 1 be the first point that the sweeping arc meets. We construct the polygon by connecting x 1 219 to c 1 and c 2 . Since the maximum measure of the arc is β max , the internal angle ofx 1 in the triangle 220 (c 1 x 1 c 2 ) is greater than or equal to 2π m (see Fig. 11 ). Let x 1 be the first point that the sweeping arc meets and x 2 be the second one. Also, let e 1 = c 1 x 1 224 and e 2 = c 2 x 1 be two constructed edges in the previous step. e 1 and e 2 divide the sweeping arc into 3 225 parts; the arc B 1 where e 1 is visible but e 2 is not visible from all the points on it; the arc B 2 where e 2 is 226 visible but e 1 is not visible from all the points on it, and finally the arc B 3 where e 1 and e 2 are visible 227 from all the points on it (see Fig. 12 ). x 2 x 1 c 2 c 1 ) , otherwise, it is (c 1 x 1 x 2 c 2 c 1 ).
241
In other words, the angular bisector of c 1 x 1 c 2 divides the sweeping arc into 2 parts A 1 and A 2 (see 3. For all j ∈ {1, 2, ..., m}, the edges of P j minus all edges of CH except those that have no 281 corresponding polygon, construct the desired polygon.
282
Based on Lemma 2, the entire CH is covered by all major segments that correspond to the edges of points are hit. The process of peeling away the layers, described above, is defined as "angular onion 297 peeling" and the number of layers is called "depth of angular onion peeling" on these points.
298
Theorem 3. There exists a polygon P ∈ ℘(S) such that crosses S, and all internal angles of P are less than Proof. Here, by presenting algorithm 3, we construct such a polygon. of P and i is the number of grid points which are inside the polygon P.
316
The polygon P crosses both b 1 points of S, which we call vertex points and b 2 non-vertex points 317 on G, which we call grid points. Hence, Area(P) = b 1 +b 2 2 + i − 1.
318
Assume that polygons A and B with the same number of inner grid points cross no grid points, i.e. b 2 = 0. Hence, based on the Pick's theorem, the area of polygon A is more than that of B iff the 320 number of vertex points in A is more than that in B. In this case, α-MAP is equivalent to α-MNP.
321
In the following, we show that for each polygon P ∈ ℘(S) on the grid and all > 0, there exists 322 a polygon P with the same vertices points such that |Area(P) − Area(P )| < and P does not cross 323 any grid point.
324
Let e = ab be an edge of P on the grid G. Lemma 4. Let e be an edge of P on the grid G. If W e and H e are coprime integers, then e does not cross any 327 grid point.
328
Proof. Assume e crosses n > 0 grid points. As shown in Fig. 17 , W e is divided into n + 1 parts similar
329
to H e . Hence, n + 1 is common divisor of W e and H e .
330
Figure 17. Proof. Each common denominator of a and b satisfies x.
333
Definition 5. The polygon P ∈ ℘(S) is a grid avoiding polygon if P does not cross any grid points.
334
The following theorem shows that if P crosses some grid points, for all > 0 there exists a grid 335 avoiding polygon P such that |Area(P) − Area(P )| < .
336
Theorem 4. Let e = ab be an edge of P ∈ ℘(S) that crosses a grid point. For all > 0, there exists a point x such that xW e and xH e are coprime integers, for each > 0 there exists an integer x such that 348 |Area(abb )| < .
349
The following algorithm converts the grid G into the grid G and the polygon P into the grid 350 avoiding polygon P on G .
351
Algorithm 4 352 353
Let P = (a 1 , a 2 , a 3 , ..., a n , a 1 ) be the polygon on the grid G. in the new generation is unpacking to a code C. In this step, the order of assigned points for each 418 edge is specified. one and set itt = itt + 1. If itt < itt count go to step 3, otherwise finish.
422
Because of the exponential time complexity of the brute-force algorithm, the exact result could 
Conclusion
439
In this paper, we considered the problem of finding optimal simple polygons containing a set of 440 points in the plane. We generalized the problems of finding the minimum area, maximum perimeter
441
and maximum number of vertices containing a set of points by adding constraint to the angles of 442 polygons. We formulated the generalized problems as nonlinear programming models. Given that all simple polygons contain a set of points, we derived an upper bound for the 444 minimum of the maximum angles of each polygon. As a further theoretical achievement, we 445 demonstrated that the problem of computing polygon with the minimum area is almost equivalent to 446 that of computing polygon with the maximum number of vertices.
447
We presented a genetic algorithm to solve these models and conducted experiments on several 448 datasets. At the end, in comparison to the brute-force method and other previous studies, better results
449
were obtained.
